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Abstract
In D-dimensional spacetimes which can be foliated by n-dimensional homogeneous
subspaces, a quantum field can be decomposed in terms of modes on the subspaces, re-
ducing the system to a collection of (D−n)-dimensional fields. This allows one to write
bare D-dimensional field quantities like the Green function and the effective action as
sums of their (D − n)-dimensional counterparts in the dimensionally reduced theory.
It has been shown, however, that renormalization breaks this relationship between the
original and dimensionally reduced theories, an effect called the dimensional-reduction
anomaly. We examine the dimensional-reduction anomaly for the important case of
spherically symmetric spaces.
1 Introduction
Spacetimes with continuous symmetries play an important role in quantum field theory for
the reason that symmetries often allow one to reduce greatly the computational difficulty
of a given problem, making practical calculations feasible. Of particular interest is the
separation of variables approach to solving partial differential equations in geometries with
a high degree of symmetry. For example, expanding a field propagating in a spherically
∗e-mail: psutton@phys.ualberta.ca
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symmetric geometry in terms of spherical harmonics and substituting into the field equation
reduces the system from that of a single field Φˆ(t, r, θ, φ) in four dimensions to a collection
of effective two-dimensional fields ϕˆℓ(t, r), one for each spherical harmonic Yℓm(θ, φ). In
principle, after solving the simpler two-dimensional problems, one can obtain quantities like
the stress tensor or the effective action for the original four-dimensional field theory by
summing the corresponding results for the two-dimensional field theories over all modes.
In a previous paper [1], it was noted that separation of variables can break down when
applied to quantum field theory, so that summing over the dimensionally reduced results no
longer yields the corresponding quantity in four dimensions. This occurs because in quantum
field theory, quantities of physical interest, such as the effective action, stress energy tensor,
and square of the field operator, are divergent and must be renormalized. While the bare
field can be dimensionally reduced into the sum of lower-dimensional fields, the divergent
parts which are to be subtracted in four dimensions generally do not equal the sum of the
corresponding divergent terms from the two-dimensional theories. As a result, one obtains
an incorrect answer if one calculates a renormalized quantity in four dimensions by summing
over modes of the corresponding renormalized quantities in two dimensions. This failure of
dimensional reduction when applied to quantum field theories is called the dimensional-
reduction anomaly.
In this paper we calculate the dimensional-reduction anomaly which occurs when a scalar
field propagating in a spherically symmetric four-dimensional spacetime is decomposed into
spherical harmonics and treated as a collection of two-dimensional fields. This case may be of
particular importance to recent attempts to calculate the stress tensor and Hawking radiation
in black-hole spacetimes using two-dimensional dilaton gravity models [2, 6]. Since four-
dimensional renormalized quantities will not in general equal the sum of the corresponding
two-dimensional quantities, it may well be necessary to take into account the contribution
of the dimensional-reduction anomaly in order to reproduce the correct results for four
dimensions (see also [7]).
We begin in Section 2 with a brief discussion of dimensional reduction in spherically sym-
metric spacetimes. In Section 3 we examine the simple case of flat space, both to illustrate the
basic idea behind the anomaly and to lay the necessary computational groundwork. In Sec-
tions 4 and 5 we extend our calculations to a general spherically symmetric four-dimensional
space, and calculate the dimensional-reduction anomalies in 〈Φˆ2〉 and the effective action.
We conclude with a brief discussion of the possible implications of the anomaly. We work in
Euclidean signature, using dimensionless units where G = c = h¯ = 1 and the sign conventions
of [8] for the definition of the curvature.
2 Spherical Decompositions
In this section we briefly consider the dimensional reduction of a quantum field in a four-
dimensional spherically symmetric space, and show how it may be reduced to a collection of
two-dimensional fields.
The line element for such a space may be written as
ds2 = gµν(X
τ )dXµdXν = hab(x
c)dxadxb + ρ2e−2φ(x
c)ωij(y
k)dyidyj , (2.1)
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where Xα = (xa, yi), hab is an arbitrary two-dimensional metric, ωij is the metric of a two-
sphere, ρ is a constant with the dimensions of length, and φ is known as the dilaton. The
radius of a two-sphere of fixed xa is given by r = ρe−φ(x
a).
Consider a massive scalar field propagating on the space (2.1) and obeying the field
equation
F Φˆ(X) ≡
(
✷−m2 − V
)
Φˆ(X) = 0 , (2.2)
where the potential V is also spherically symmetric. The corresponding Green function is a
solution of the equation
F G(X,X ′) = −δ(X,X ′) . (2.3)
Knowledge of the Green function for a given quantum state allows one to calculate other
expectation values of interest, such as the square of the field operator, 〈Φˆ2〉, and the stress
tensor, 〈Tˆµν〉.
Now consider what happens if we decompose Φˆ in terms of spherical harmonics Yℓm(y
i)
as follows:
Φˆ(X) =
∞∑
ℓ=0
ℓ∑
m=−ℓ
ϕˆℓ(x
a)
Yℓm(y
i)
r
. (2.4)
Substitution into (2.2) shows that ϕˆℓ behaves as a field propagating in the two-dimensional
space with line element
ds2 = hab(x
c)dxadxb , (2.5)
and satisfying the field equation
Fℓ ϕˆℓ(x) ≡
(
∆−m2 − Vℓ
)
ϕˆℓ(x) = 0 . (2.6)
Here ∆ is the d’Alembertian operator for the two-dimensional metric hab, and the induced
potential Vℓ is given by
Vℓ = V +
ℓ(ℓ+ 1)
r2
−∆φ+ (∇φ)2 . (2.7)
The corresponding two-dimensional Green functions Gℓ satisfy
Fℓ Gℓ(x, x′) = −δ(x, x′) , (2.8)
and are related to G via
G(X,X ′) =
∞∑
ℓ=0
(2ℓ+ 1)
4πrr′
Pℓ(cosλ)Gℓ(x, x′) , (2.9)
where Pℓ is a Legendre polynomial and λ is the angular separation of X , X
′.
Since the square of the field operator is given by the coincidence limit of the Green
function, equation (2.9) implies that the four-dimensional 〈Φˆ2〉 can be obtained by solving
the two-dimensional theory for 〈ϕˆ2ℓ〉:
〈Φˆ2〉 =
∞∑
ℓ=0
(2ℓ+ 1)
4πr2
〈ϕˆ2ℓ〉 . (2.10)
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The Green function, however, diverges in the coincidence limit, and must be renormalized
to yield a finite 〈Φˆ2〉. Denoting the renormalized and divergent parts by the subscripts ‘ren’
and ‘div’ respectively, we have
〈Φˆ2〉ren = lim
X′→X
Gren(X,X
′) = lim
X′→X
[G(X,X ′)−Gdiv(X,X ′)] , (2.11)
〈ϕˆ2ℓ〉ren = lim
x′→x
Gℓ|ren(x, x′) = lim
x′→x
[
Gℓ(x, x′)− Gℓ|div(x, x′)
]
. (2.12)
While the bare quantities G and Gℓ are related by the mode-decomposition relation (2.9),
we shall find that the divergent parts Gdiv and Gℓ|div are not. As a result, the renormalized
theories in two and four dimensions are related not by (2.9, 2.10) but rather by
Gren(X,X
′) =
∞∑
ℓ=0
(2ℓ+ 1)
4πrr′
Pℓ(cosλ)
[
Gℓ|ren(x, x′) + ∆Gℓ(x, x′)
]
, (2.13)
〈Φˆ2〉ren(X) =
∞∑
ℓ=0
(2ℓ+ 1)
4πr2
[
〈ϕˆ2ℓ〉ren(x) + ∆〈ϕˆ2ℓ〉(x)
]
, (2.14)
where the anomalous terms are easily shown to be
∆〈ϕˆ2ℓ〉(x) = lim
x′→x
∆Gℓ(x, x′)
≡ lim
x′→x
[
Gℓ|div(x, x′)− 2πrr′
∫ 1
−1
d(cosλ)Pℓ(cos λ)Gdiv(X,X
′)
]
. (2.15)
One can show that similar formulae hold for other renormalized quantities, such as the
effective action W and the stress tensor:
Wren =
∞∑
ℓ=0
(2ℓ+ 1)
[
Wℓ|ren +∆Wℓ
]
; (2.16)
〈Tˆµν〉ren =
∞∑
ℓ=0
(2ℓ+ 1)
4πr2
[
〈Tˆµν〉ℓ|ren +∆〈Tˆµν〉ℓ
]
. (2.17)
In each case the anomaly is the difference between the divergent subtraction terms for the
dimensionally reduced theory and the mode-decomposed subtraction terms for the original
four-dimensional theory.
Equations (2.13–2.15) demonstrate that the renormalized value of a field quantity is
generally not equal to the sum of the same renormalized quantities for the dimensionally-
reduced theory. Rather, a quantity like 〈Φˆ2〉 can be obtained from dimensional reduction
only if the contribution 〈ϕˆ2ℓ〉 for each mode ℓ is modified by an extra anomalous term.
This failure of dimensional reduction under renormalization is the dimensional-reduction
anomaly. The remainder of this paper is devoted to explicit calculations of the anomalies
in 〈Φˆ2〉 and W for the important case of spherically symmetric geometries, described by
(2.1). For further general discussion of the dimensional-reduction anomaly and the related
multiplicative anomaly, the reader is referred to [1] and [9, 11].
At this point some conventions on notation are in order. We shall need to be able to
distinguish quantities like Green functions defined in different dimensions. ‘Ordinary’ letters
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such as G,W are used for the original four-dimensional theory, while calligraphic letters such
as G, W refer to dimensionally reduced quantities. The anomalous difference between A, A
is denoted ∆A. All curvatures will be with respect to h unless explicitly labelled otherwise;
for example, R = R[h] and 4R = R[g]. As for differential operators, we shall understand ✷
to represent the d’Alembertian with respect to g, while ∆ is the d’Alembertian calculated
using the metric h. Single covariant derivatives will be denoted by ∇; there will be no need
to distinguish the metric used. For the dilaton φ we shall understand φa, φab, etc. to denote
multiple two-dimensional covariant derivatives of φ calculated using the metric h.
3 The Dimensional-Reduction Anomaly in Flat Space
The simplest example of the dimensional reduction anomaly occurs in the spherical decom-
position of a scalar field in flat space, and was originally considered in [1]. We reproduce
here the main formulae, as we shall require them for the generalization to curved space, and
because some of the notation we use is different from that of [1].
Let us assume that the potential V vanishes inside the region of interest, and is spherically
symmetric outside. In this case, the Green function for a given state is renormalized by
subtracting the Green function for the Euclidean vacuum. In four dimensions the latter is
Gdiv(X,X
′) =
m
4π2
√
2σ
K1(m
√
2σ) , (3.1)
where σ is one-half the square of the geodesic distance between X and X ′, and K1 is a
modified Bessel function. In spherical coordinates Xµ = (t, r, θ, η)1 the line element is
ds2 = dt2 + dr2 + r2
(
dθ2 + sin2θdη2
)
, (3.2)
and
2σ = (t− t′)2 + (r − r′)2 + 2rr′ (1− cosλ) , (3.3)
where λ is the angle between X and X ′, given by
cosλ = cos θ cos θ′ + sin θ sin θ′ cos(η − η′) . (3.4)
If before renormalizing we first decompose the field Φˆ into spherical harmonics as in (2.4),
we will be left with an effective field ϕˆℓ propagating on the two-dimensional space with line
element ds2 = dt2 + dr2, where t ∈ (−∞,∞) and r ∈ [0,∞). In this case σ is given by
1
2
[(t − t′)2 + (r − r′)2], and the theory is renormalized by subtracting the two-dimensional
vacuum Green function
Gℓ|div(x, x′) = 1
2π
K0(m
√
(t− t′)2 + (r − r′)2) . (3.5)
To compare the renormalization of the two- and four-dimensional theories and estab-
lish the existence of the dimensional-reduction anomaly, we decompose Gdiv into spherical
harmonics. Defining the mode decomposition by
Gdiv(X,X
′) =
∞∑
ℓ=0
(2ℓ+ 1)
4πrr′
Pℓ(cos λ)Gdiv|ℓ(x, x
′) (3.6)
1We denote the azimuthal coordinate by η rather than φ for obvious reasons.
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in accordance with (2.9), we have
Gdiv|ℓ(x, x
′) = 2πrr′
∫ 1
−1
d(cosλ)Pℓ(cosλ)Gdiv(X,X
′) . (3.7)
Inserting (3.1) into (3.7) and using the well-known integral representation for Kν ,
∫ ∞
0
dx x−1−ν exp
{
−x− α
2
4x
}
= 2
(
2
α
)ν
Kν(α) , (3.8)
the integral ∫ 1
−1
dz Pℓ(z) e
p(1−z) = (−1)ℓep
√
2π
p
Iℓ+1/2(p) , (3.9)
where Iℓ+1/2 is a modified Bessel function (see e.g. [12], vol.2, eq.2.17.5.2), and the repre-
sentation
Iℓ+1/2(p) =
1√
2πp
ℓ∑
k=0
(ℓ+ k)!
k!(ℓ− k)!
1
(2p)k
[
(−1)kep − (−1)ℓe−p
]
, (3.10)
(see, for example, 8.467 of [13]), we obtain
Gdiv|ℓ(x, x
′) =
1
2π
ℓ∑
k=0
(ℓ+ k)!
k!(ℓ− k)!
[
(−1)k [(t− t
′)2 + (r − r′)2]k/2
(2mrr′)k
Kk(m
√
(t− t′)2 + (r − r′)2)
− (−1)ℓ [(t− t
′)2 + (r + r′)2]k/2
(2mrr′)k
Kk(m
√
(t− t′)2 + (r + r′)2)
]
. (3.11)
Let us compare this result for the mode-decomposed subtraction terms from four di-
mensions with the subtraction term for the two-dimensional theory, (3.5). While Gℓ|div is the
free-field Green function in two dimensions, it is not difficult to verify that Gdiv|ℓ is the Green
function for a field propagating in the centrifugal barrier potential2
Vℓ =
ℓ(ℓ+ 1)
r2
(3.12)
which obeys Dirichlet boundary conditions at r = 0.
Naive renormalization in two dimensions requires subtracting Gℓ|div. We see, however,
that Gdiv|ℓ is the quantity that should be subtracted to yield the correct results for the
renormalized four-dimensional theory3. If one was to ignore the anomaly and calculate
〈Φˆ2〉ren using the two-dimensional 〈ϕˆ2ℓ〉ren as in (2.10), one would obtain incorrect results,
such as nonvanishing expectation values for the vacuum state. Instead, using (2.14, 2.15,
3.5, 3.11) one finds that the renormalized theories in two and four dimensions are related by
〈Φˆ2〉ren(X) =
∞∑
ℓ=0
(2ℓ+ 1)
4πr2
[
〈ϕˆ2ℓ〉ren(x) + ∆〈ϕˆ2ℓ〉(x)
]
,
2See (2.7). It is easy to verify that ∆φ− (∇φ)2 = 0 for the line element (3.2).
3Examples of the correct procedure of renormalizing using the mode-decomposed subtraction terms from
four dimensions in spherically symmetric spaces can be found in [14].
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where the anomaly is
∆〈ϕˆ2ℓ〉 = lim
x′→x
[
Gℓ|div −Gdiv|ℓ
]
=
1
4π
ℓ∑
k=1
(ℓ+ k)!
(ℓ− k)!
1
k
(−1)k+1
(mr)2k
+
(−1)ℓ
2π
ℓ∑
k=0
(ℓ+ k)!
k!(ℓ− k)!
Kk(2mr)
(mr)k
. (3.13)
For example, for the first two modes the anomalies are
∆〈ϕˆ2ℓ=0〉 =
1
2π
K0(2mr) ,
∆〈ϕˆ2ℓ=1〉 =
1
2π
[
1
(mr)2
−K0(2mr)− 2
(mr)
K1(2mr)
]
.
Note that the anomaly diverges logarithmically as r → 0, and vanishes as r →∞.
4 The Dimensional-Reduction Anomaly in 〈Φˆ2〉
In the previous section we considered the dimensional-reduction anomaly in 〈Φˆ2〉 arising from
the spherical decomposition of a scalar field in flat space. In this section we shall extend
those calculations to general four-dimensional spherically symmetric spaces.
Our system consists of a massive scalar field with arbitrary coupling to the four-dimensional
scalar curvature, described by (2.2) with
V = ξ 4R . (4.1)
We assume that the spacetime of interest is given by the line element (2.1), which in standard
spherical coordinates yi = (θ, η) becomes
ds2 = hab(x
c)dxadxb + r2(dθ2 + sin2θdη2) , (4.2)
with r = ρe−φ(x
c).
As we saw in Section 2, under the dimensional reduction (2.4), the quantum field Φˆ
reduces to a collection of effective fields ϕˆℓ on the two-dimensional space (2.5) with metric
hab, satisfying the field equation (2.6) with induced potential
Vℓ = ξ
4R +
ℓ(ℓ+ 1)
r2
−∆φ+ (∇φ)2 . (4.3)
We wish to compute the anomaly associated with renormalizing this dimensionally reduced
theory versus (2.2).
A standard approach to renormalization in curved space is via the heat kernel. For the
system (2.2), the heat kernel K(X,X ′|s) is a solution of the equation
F K(X,X ′|s) = d
ds
K(X,X ′|s) (4.4)
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with boundary condition K(X,X ′|s = 0) = δ(X,X ′). Once the heat kernel is known for a
given state, both the Green function and the effective action may be obtained using
G(X,X ′) =
∫ ∞
0
dsK(X,X ′|s) , (4.5)
W = −1
2
∫ ∞
0
ds
s
∫
d4X
√
g K(X,X|s) . (4.6)
Analogous formulae hold for the dimensionally reduced theory with operator Fℓ, heat kernel
Kℓ(x, x′|s), Green function Gℓ(x, x′) and effective action Wℓ.
The advantage of the heat kernel formulation is that the divergences in both the Green
function and the effective action come from the s→ 0 limit of the s integral, and the small-
s behavior of the heat kernel is known for arbitrary curved spaces of any dimension. In
particular, in four dimensions,
K(X,X ′|s) = D
1
2
(4πs)2
exp
{
−m2s− σ
2s
} ∞∑
i=0
ai(X,X
′)si . (4.7)
Here again σ = σ(X,X ′) is one-half of the square of the geodesic distance between the points
X and X ′, while D = D(X,X ′) is the Van Vleck determinant,
D(X,X ′) =
1√
g(X)
√
g(X ′)
det
[
−∂
∂Xµ
∂
∂X ′ν
σ(X,X ′)
]
. (4.8)
The an are the Schwinger-DeWitt coefficients for the operator F of (2.2). In the coincidence
limit X ′ → X the first few of these are
a✷−ξ
4R
0 = 1 , (4.9)
a✷−ξ
4R
1 =
(
1
6
− ξ
)
4R , (4.10)
a✷−ξ
4R
2 =
1
180
[
4Rαβγδ
4Rαβγδ − 4Rαβ 4Rαβ +✷ 4R
]
+
1
6
(
1
6
− ξ
)
✷
4R +
1
2
(
1
6
− ξ
)2
( 4R)2 . (4.11)
For the two-dimensional operator Fℓ of (2.6) we only need the Schwinger-DeWitt expansion
of the heat kernel in the coincidence limit. This is
Kℓ(x, x|s) = 1
4πs
exp
{
−m2s
} [
1 + s
(
1
6
R− Vℓ
)
+ · · ·
]
. (4.12)
Considering (4.5, 4.6), it is clear that in four dimensions the divergences in G (W ) arise
from the first two4 (three) terms in the Schwinger-DeWitt expansion for K, while in two
dimensions we need consider only the first term (first two terms) in Kℓ. The anomaly
in 〈Φˆ2〉 or W can then be calculated by mode-decomposing the appropriate terms from K,
4 Comparing to (3.8), one sees that the integral representation used for G in the previous section was
just the heat kernel representation (4.5) with (4.7-4.10).
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comparing to the heat kernel Kℓ for the dimensionally-reduced theory, and finally integrating
the difference over s according to (4.5) or (4.6).
Let us begin with the anomaly in 〈Φˆ2〉. The divergent part of the Green function in four
dimensions is given by
Gdiv(X,X
′) =
∫ ∞
0
dsKdiv(X,X
′|s) , (4.13)
where Kdiv consists of the first two terms of (4.7):
Kdiv(X,X
′|s) = 1
(4πs)2
exp
{
−m2s− σ
2s
} [
ℜ✷−ξ 4R0 (X,X ′) + sℜ✷−ξ
4R
1 (X,X
′)
]
. (4.14)
Here we use the convenient notation
ℜ✷−ξ 4Rn (X,X ′) ≡ D
1
2 (X,X ′) a✷−ξ
4R
n (X,X
′) . (4.15)
In principle, the anomaly in 〈Φˆ2〉 is straightforward to calculate. We mode-decompose Kdiv
in terms of Legendre polynomials in the usual manner:
Kdiv(X,X
′|s) =
∞∑
ℓ=0
(2ℓ+ 1)
4πrr′
Pℓ(cosλ)Kdiv|ℓ(x, x
′|s) ; (4.16)
Kdiv|ℓ(x, x
′|s) = 2πrr′
∫ 1
−1
d(cosλ)Pℓ(cos λ)Kdiv(X,X
′|s) . (4.17)
The anomaly in 〈Φˆ2〉 is then just the coincidence limit of the difference between the subtrac-
tion terms in two dimensions and those mode-decomposed from four dimensions, integrated
over s:
∆〈ϕˆ2ℓ〉(x) =
∫ ∞
0
ds
[
Kℓ|div(x, x|s)−Kdiv|ℓ(x, x|s)
]
. (4.18)
We encounter a difficulty, however, when we try to perform the mode decomposition.
For a general space, σ and the a✷−ξ
4R
n are known only for infinitesimal separations
5 of X
and X ′, while evaluation of the mode-decomposition integral (4.17) requires knowing σ and
the a✷−ξ
4R
n for finite separations of X , X
′ on the two-sphere. We proceed by determining an
approximate Kdiv for finite separation based on the following criteria:
1. Our approximate Kdiv must reduce to the known value in the flat-space limit.
2. Our approximate Kdiv must respect the periodicity of the two-spheres (i.e., it must be
periodic in the angular separation λ with period 2π).
In a previous case [1] in which the mode decompositions were performed over noncompact
spaces, the following procedure was found to work quite well. We take X = (x, y) and
X ′ = (x, y′); i.e., we split the points in the y-direction only. Using the well-known short-
distance expansions obtained in [15, 16], σ and the ℜ✷−ξ 4Rn are expanded in powers of (y−y′),
which is equivalent to expanding in powers of the curvature. These expansions are then
substituted intoKdiv and, assuming small curvatures, truncated at first order in the curvature
5 In terms of momentum integrals, finite separations correspond to the low-frequency regime, where the
renormalization terms are not fixed by the divergences in the theory.
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for ∆〈ϕˆ2ℓ〉 and at second order for ∆Wℓ. The mode-decomposition integrals in [1] can then
be evaluated with relative ease.
In the present case, the equivalent procedure is to expand σ and the ℜ✷−ξ 4Rn in powers
of λ2, which is easily done; see Appendix B. We also take into account the periodicity of
the two-spheres by converting our expansions in λ2 into expansions in (1− cosλ). Defining
z = cosλ, we have
λ2 = 2(1− z) + 1
3
(1− z)2 + 4
45
(1− z)3 + · · · . (4.19)
We then substitute (4.19) for each λ2, truncating at the lowest order in (1−z) which will yield
the correct flat-space limit. This replacement of λ2 by a finite series in (1 − z) means that
our expansions are only modified for large angular separations, where the renormalization
terms are inherently ambiguous. Our choice simply corresponds to a natural extension of
the flat-space heat kernel which respects the periodicity of the two-spheres for large angular
separations. For more details, see Appendix B.
Using this procedure, one finds that to first order in the curvature
2σ = 2r2(1− z) + r
2
3
[1− r2(∇φ)2](1− z)2 , (4.20)
ℜ✷−ξ 4R0 = 1 +
1
6
4Rθθ(1− z) , (4.21)
ℜ✷−ξ 4R1 =
(
1
6
− ξ
)
4R . (4.22)
Inserting these expansions into (4.7) yields our approximation for the ‘divergent’ part of the
four-dimensional heat kernel,
Kdiv(X,X
′|s) = 1
(4πs)2
exp
{
−m2s− r
2
2s
(1− z)
}[
1 + s
(
1
6
− ξ
)
4R +
1
6
4Rθθ(1− z)
− r
2
12s
[1− r2(∇φ)2](1− z)2
]
. (4.23)
The mode decomposition (4.17) of this Kdiv then boils down to evaluating the integrals
Jℓn ≡ −p
∫ 1
−1
dz Pℓ(z) e
p(1−z) (1− z)n , (4.24)
where p ≡ −r2/2s is a dimensionless parameter and n is an integer. The integrals for n 6= 0
can be obtained from the n = 0 result (3.9, 3.10) used in the flat-space case by differentiating
with respect to p, yielding
Jℓn =
ℓ∑
k=0
(ℓ+ k)!
k!(ℓ− k)!
1
(−2p)k
[
(−1)k2n
(−2p)n
(k + n)!
k!
− (−1)ℓe2p
n∑
α=0
2n
(−2p)α
(k + α)!
k!
n!
α!(n− α)!
]
.
(4.25)
The mode-decomposed heat kernel subtraction terms for a general four-dimensional spheri-
cally symmetric spacetime are then
Kdiv|ℓ(x, x|s) = e
−m2s
4πs
[
Jℓ0 + s
(
1
6
− ξ
)
4RJℓ0 +
1
6
4RθθJℓ1 − r
2
12s
[1− r2(∇φ)2]Jℓ2
]
. (4.26)
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The first term in (4.26) is the mode decomposition for flat space, while the other terms carry
the contributions due to the curvature. Meanwhile, the various parts of the Jℓn fulfill several
roles. First, the k 6= 0 terms in (4.25) are associated with the centrifugal potential ℓ(ℓ+1)/r2
induced by the the mode decomposition. This potential is ignored in the renormalization in
two dimensions, since only the first (potential-independent) term in the Schwinger-DeWitt
expansion of the heat kernel contributes divergences to the two-dimensional Green function.
Second, then terms in (4.25) proportional to e2p = e−r
2/s enforce a Dirichlet boundary
condition at r = 0, which is required if the four-dimensional subtraction term is to be finite
there [see (4.16)].
These results are to be compared with the subtraction term in two dimensions, which
consists of the first term of (4.12):
Kℓ|div(x, x|s) = e
−m2s
4πs
. (4.27)
In contrast to Kdiv|ℓ, Kℓ|div is independent of both the position, the two-metric hab, and the
mode number ℓ. It matches just the first term in the k = 0 contribution to the flat space
part of Kdiv|ℓ.
As an example, let us consider a quantum field in Schwarzschild space, for which 4R = 0,
4Rµν = 0, and
[1− r2(∇φ)2] = 2M
r
, (4.28)
whereM is the black-hole mass. Figure 1 shows plots ofKdiv|ℓ=0(x, x|s) for fixed s and various
values ofM/
√
s. Note that large values ofM cause the mode-decomposed subtraction terms
to become negative.
-0.5
0
0.5
1
0 2 4 6 8 10
r^2/s
Figure 1: Kdiv|ℓ=0(x, x|s) in Schwarzschild space for fixed s and M/
√
s = 0, 2, 4, 8 from
top to bottom. The common factor e−m
2s/(4πs) has been removed. The two-dimensional
subtraction term Kℓ|div would be a horizontal line at 1 on this plot.
The anomaly in 〈Φˆ2〉 can now be found by integrating the difference of Kℓ|div and Kdiv|ℓ
as in (4.18). We find
∆〈ϕˆ2ℓ〉 =
1
2π
[
−I[m2sJℓ0]− 1
m2
(
1
6
− ξ
)
4R I[(m2s)2Jℓ0]− 1
6
4Rθθ I[m
2sJℓ1]
11
+
(mr)2
12
[1− r2(∇φ)2] I[Jℓ2]
]
, (4.29)
where
I[(m2s)tJℓn] ≡
ℓ∑
k=2−t−n
(ℓ+ k)!
k!(ℓ− k)! 2
n
[
1
2
(−1)k
(mr)2n+2k
(k + n)!
k!
(k + t+ n− 2)!
]
− (−1)ℓ
ℓ∑
k=0
(ℓ+ k)!
k!(ℓ− k)! 2
n
[
n∑
α=0
(k + α)!
k!
n!
α!(n− α)!
Kk+t+α−1(2mr)
(mr)k−t+α+1
]
.(4 30)
(The I[(m2s)tJℓn] result from integrating terms of the form (m
2s)t−2Jℓn over s.) For example,
in Schwarzschild space the anomaly for the ℓ = 0 mode is
∆〈ϕˆ2ℓ=0〉 =
1
2π
K0(2mr) +
M
3πr
[
1
(mr)2
− 2
mr
K1(2mr)− 2K0(2mr)−mrK1(2mr)
]
. (4.31)
Plots of ∆〈ϕˆ2ℓ=0〉 for various values of mM are shown in Figure 2. Note that the anomaly
0
0.1
0.2
0.3
0.4
0.5
0 0.5 1 1.5 2
r/2M
Figure 2: ∆〈ϕˆ2ℓ=0〉 in Schwarzschild space for mM = 0.1, 1, 10, from top to bottom.
in 〈Φˆ2〉 generally diverges at any point xa such that r(xa) = 0, while for asymptotically flat
spaces it vanishes as r →∞.
5 The Dimensional-Reduction Anomaly in the Effec-
tive Action
In the previous section we calculated the dimensional-reduction anomaly in 〈Φˆ2〉 for a general
four-dimensional spherically symmetric space. We now use the same procedure to determine
the anomaly in the effective action, denoted by ∆Wℓ in (2.16). Functional differentiation of
∆Wℓ with respect to the metric hab would then give the corresponding anomaly ∆〈Tˆµν〉ℓ in
the stress tensor in (2.17).
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For the four-dimensional effective action (4.6) the divergent part of the heat kernel con-
sists of the first three terms of (4.7):
Kdiv(X,X
′|s) = 1
(4πs)2
exp
{
−m2s− σ
2s
} [
ℜ✷−ξ 4R0 + sℜ✷−ξ
4R
1 + s
2ℜ✷−ξ 4R2
]
. (5.1)
As in the previous section, we split the points X , X ′ in the angular direction only. Then
one can write
2σ = 2r2
[
(1− z) + u(1− z)2 + v(1− z)3 + · · ·
]
, (5.2)
ℜ✷−ξ 4Rn = ℜ✷−ξ
4R
n(0) + ℜ✷−ξ
4R
n(1) (1− z) + ℜ✷−ξ
4R
n(2) (1− z)2 + · · · , (5.3)
where z = cosλ. From the calculations for the anomaly in 〈Φˆ2〉 we have seen that u =
1
6
[1 − r2(∇φ)2], ℜ✷−ξ 4R0(0) = 1, ℜ✷−ξ
4R
0(1) =
1
6
4Rθθ, and ℜ✷−ξ
4R
1(0) =
(
1
6
− ξ
)
4R. The other ℜ✷−ξ 4Rn(k)
and v are found in Appendix B. Inserting these expansions into (5.1) and truncating at
second order in the curvature, we find
Kdiv(X,X
′|s) = 1
(4πs)2
exp
{
−m2s− r
2
2s
(1− z)
}[{
1 + sℜ✷−ξ 4R1(0) + s2ℜ✷−ξ
4R
2(0)
}
+
{
ℜ✷−ξ 4R0(1) + sℜ✷−ξ
4R
1(1)
}
(1− z) +
{
ℜ✷−ξ 4R0(2) −
r2u
2s
− r
2u
2
ℜ✷−ξ 4R1(0)
}
(1− z)2
+
{
−r
2u
2s
ℜ✷−ξ 4R0(1) −
r2v
2s
}
(1− z)3 + r
4u2
8s2
(1− z)4
]
. (5.4)
The decomposition of the heat kernel subtraction terms (5.4) is done in the same manner
as in the previous section. Employing the definition (4.17) of the spherical decomposition
and using the functions Jℓn of (4.24, 4.25), we obtain
Kdiv|ℓ(x, x|s) = lim
x′→x
2πr2
∫ 1
−1
d(cosλ)Pℓ(cos λ)Kdiv(X,X
′|s)
=
e−m
2s
4πs
[ {
1 + sℜ✷−ξ 4R1(0) + s2ℜ✷−ξ
4R
2(0)
}
Jℓ0 +
{
ℜ✷−ξ 4R0(1) + sℜ✷−ξ
4R
1(1)
}
Jℓ1
+
{
ℜ✷−ξ 4R0(2) −
r2u
2s
− r
2u
2
ℜ✷−ξ 4R1(0)
}
Jℓ2
+
{
−r
2v
2s
− r
2u
2s
ℜ✷−ξ 4R0(1)
}
Jℓ3 +
r4u2
8s2
Jℓ4
]
. (5.5)
Meanwhile, the divergences in the effective action for the two-dimensional theory (2.6) arise
from the first two terms of (4.12):
Kℓ|div(x, x|s) = e
−m2s
4πs
[
1 + s
(
1
6
R − Vℓ
)]
. (5.6)
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The anomaly in the effective action is then found by integrating the difference of (5.5, 5.6)
as in (4.6):
∆Wℓ = −1
2
∫
d2x
√
h
∫ ∞
0
ds
s
[
Kℓ|div(x, x|s)−Kdiv|ℓ(x, x|s)
]
=
m2
4π
∫
d2x
√
h
[
I[Jℓ0] +
1
m2
ℜ✷−ξ 4R1(0) I[m2sJℓ0] +
1
m4
ℜ✷−ξ 4R2(0) I[m4s2Jℓ0] + ℜ✷−ξ
4R
0(1) I[Jℓ1]
+
1
m2
ℜ✷−ξ 4R1(1) I[m2sJℓ1] + (ℜ✷−ξ
4R
0(2) −
r2u
2
ℜ✷−ξ 4R1(0) )I[Jℓ2]−
(mr)2u
2
I[
1
m2s
Jℓ2]
− (mr)
2
2
(uℜ✷−ξ 4R0(1) + v)I[
1
m2s
Jℓ3] +
(mr)4u2
8
I[
1
m4s2
Jℓ4]
]
. (5.7)
The I[(m2s)tJℓn] are given by (4.30). Using (5.7) and the values of u, v, and the ℜ✷−ξ
4R
n(k)
given in Appendix B, one can compute the anomalous contribution to the stress tensor.
6 Conclusions
In a D-dimensional spacetime which can be foliated by n-dimensional homogeneous sub-
spaces, a field can be decomposed in terms of modes on the subspaces. This effectively
converts the system from a single quantum field in D dimensions to a collection of fields in
(D − n) dimensions. Quantities of interest for the original theory, such as the expectation
value of the square of the field operator and the effective action, can then be written as sums
of the corresponding objects from the dimensionally reduced theories. This relationship
breaks down under renormalization, however, so that renormalized expectation values can
be obtained by summing their lower-dimensional counterparts only if the contribution for
each mode is modified by adding an anomalous contribution. This effect is the dimensional
reduction anomaly.
We have explicitly calculated the anomalous contributions to the expectation value of
the square of the field operator and the effective action for the case of a massive scalar
field propagating in a general four-dimensional spherically symmetric space. We have seen
that the anomaly arises from several sources. One is the Dirichlet boundary condition
imposed at r = 0 due to the change in topology inherent in the spherical reduction of
the spacetime. Other contributions are more local in nature, arising from the dimension-
dependent contributions of the curvature and field potential to divergences. The resulting
anomaly terms are constructed from the curvature, the dilaton field, and their covariant
derivatives, and cannot be eliminated by further finite renormalization.
The anomalies calculated in this paper may be of importance to recent attempts to
calculate the stress tensor and Hawking radiation in black-hole spacetimes using quantum
fields in two dimensions [2, 7]. These attempts are based on the dimensional reduction
of a massless minimally-coupled quantum field in a Schwarzschild spacetime, followed by
renormalization in two dimensions. We have seen, however, that the contributions of the
dimensionally reduced fields should be modified by adding the corresponding anomaly term.
We intend to return to a discussion of this interesting topic in a future publication.
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A Spherical Decomposition of Curvatures
Consider a line element of the form
ds2 = gµνdX
µdXν = habdx
adxb + ρ2e−2φωijdy
idyj , (A.1)
where hab = hab(x
c) is an arbitrary two-dimensional metric and ωij = ωij(y
k) is the metric
of a two-sphere. The dilaton φ is a function of the xa only, and ρ is a constant with the
dimensions of length. The radius of a two-sphere of fixed xa is r = ρe−φ.
We wish to decompose our field theory in terms of modes on the two-sphere. This
requires rewriting four-dimensional geometric quantities like the curvatures in terms of the
corresponding curvatures for the metric h.
Our notational conventions are as follows: four-dimensional covariant derivatives are
denoted by ();a, while ✷ is understood to represent the d’Alembertian with respect to g.
Meanwhile, ∇, ()|a and ∆ are the two-dimensional covariant derivatives and d’Alembertian
calculated using the metric hab. For the dilaton φ we shall understand φa, φab, etc. to de-
note multiple two-dimensional covariant derivatives of φ. For example, the four-dimensional
d’Alembertian of an angle-independent scalar S decomposes to
✷S = ∆S − 2∇φ·∇S . (A.2)
In particular,
✷φ = ∆φ− 2(∇φ)2 . (A.3)
For the given line element, the nonvanishing Christoffel symbols are
4Γabc[g] =
2Γabc[h] , (A.4)
4Γaij[g] = φ
agij , (A.5)
4Γija[g] = −φaδij , (A.6)
4Γkij[g] =
2Γkij [ω] . (A.7)
Selecting coordinates (θ, η) on the two-spheres, where
dωijy
iyj = dθ2 + sin2θ dη2 , (A.8)
one finds
4Γθηη[g] = − sin θ cos θ , 4Γηηθ[g] =
cos θ
sin θ
. (A.9)
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For convenience, we define the following commonly-occurring functions of the dilaton
field:
A = 1− r2(∇φ)2 , (A.10)
B = ∆φ − 2(∇φ)2 , (A.11)
Tab = φab − φaφb , (A.12)
T = habTab = ∆φ− (∇φ)2 . (A.13)
Since the two-sphere metric has constant curvature 2R[ω] = 2, explicit reference to it may be
dropped. Henceforth we shall assume all curvatures to be with respect to the two-dimensional
metric hab unless explicitly labelled otherwise. Using this notation, one can show that the
only nonvanishing components of the four-dimensional curvatures are
4Rabcd[g] =
1
2
R (hachbd − hadhbc) , (A.14)
4Raibj [g] = gijTab , (A.15)
4Rijkm[g] =
A
r2
(gikgjm − gimgjk) , (A.16)
4Rab[g] =
1
2
Rhab + 2Tab , (A.17)
4Rij [g] = gij
[
1
r2
+B
]
, (A.18)
4R[g] = R + 4∆φ− 6(∇φ)2 + 2
r2
, (A.19)
while the only nonvanishing 4Rαβ;γ are
4Rab;c[g] =
1
2
habR|c + 2Tab|c , (A.20)
4Ram;n[g] = gmn
[(
−1
2
R +
1
r2
+B
)
φa − 2Tabφb
]
, (A.21)
4Rmn;a[g] = gmn
(
1
r2
+B
)
|a
. (A.22)
Also,
4Rmn;ab[g] = gmn
(
1
r2
+B
)
|ab
, (A.23)
4Rmn;jk[g] = − (gkmgnj + gkngmj)
[(
−1
2
R +
1
r2
+B
)
(∇φ)2 − 2Tabφaφb
]
− gjkgmn
(
1
r2
+B
)
|a
φa , (A.24)
✷
4Rmn[g] = gmn
{
[∆− 2∇φ · ∇]
(
1
r2
+B
)
+R(∇φ)2 − 2
(
1
r2
+B
)
(∇φ)2
+ 4Tabφ
aφb
}
, (A.25)
16
4R;a =
(
R + 4∆φ− 6(∇φ)2 + 2
r2
)
|a
, (A.26)
4R;ab =
(
R + 4∆φ− 6(∇φ)2 + 2
r2
)
|ab
, (A.27)
4R;mn = −gmn
(
R + 4∆φ− 6(∇φ)2 + 2
r2
)
|a
φa , (A.28)
✷
4R = [∆− 2∇φ · ∇]
(
R + 4∆φ− 6(∇φ)2 + 2
r2
)
. (A.29)
B Point Splitting
It will be necessary to write short-distance expansions for σ and the D
1
2an for X and X
′
separated along the two-spheres. We follow a method similar to that developed in [1].
Without loss of generality we take the points to be split in the θ direction only, with angular
separation λ = θ − θ′. Our procedure will be to calculate the desired quantities first as
expansions in powers of λ2, and then to convert them to expansions in powers of (1− cosλ)
for use in the mode-decomposition calculations.
We take as our ansatz for the geodetic interval σ
2σ(x, y; x′, y′) = (r˜λ)2 + U(x˜)(r˜λ)4 + V (x˜)(r˜λ)6 + · · · , (B.1)
where x˜ ≡ 1
2
(x+ x′). Taking the derivative of σ˜ with respect to each of the coordinates and
requiring σ = 1
2
gαβσασβ in the coincidence limit, one can show that
U(x) = − 1
12
(∇φ)2 , (B.2)
V (x) =
1
90
(∇φ)4 − 1
120
φaφbφab , (B.3)
and
(σθ)2 = λ2
[
1− 1
3
r2(∇φ)2λ2 + r4
(
17
180
(∇φ)4 − 1
20
φaφbφab
)
λ4 + · · ·
]
, (B.4)
ση = 0 , (B.5)
σa = −1
2
φa(rλ)2 +
[
− 1
24
φabφb +
1
12
(∇φ)2φa
]
(rλ)4 + · · · . (B.6)
The expansion (B.1) for σ can be converted into one in terms of (1− cosλ) using
λ2 = 2(1− z) + 1
3
(1− z)2 + 4
45
(1− z)3 + · · · , (B.7)
where z ≡ cos λ. Defining the functions u(x), v(x) by
2σ(x, y; x, y′) = 2r2
[
(1− z) + u(x)(1− z)2 + v(x)(1− z)3 + · · ·
]
, (B.8)
17
we obtain
u(x) =
1
6
[1− r2(∇φ)2] , (B.9)
v(x) =
2
45
[
1− 5
4
r2(∇φ)2 + r4(∇φ)4 − 3
8
r4∇φ · ∇[(∇φ)2]
]
. (B.10)
Combining (B.4–B.7) with the results of Appendix A and the short-distance expansions
of [15, 16], one can derive expansions for the D
1
2an in powers of (1− z). Writing
D
1
2a✷−ξ
4R
n = ℜ✷−ξ
4R
n = ℜ✷−ξ
4R
n(0) + ℜ✷−ξ
4R
n(1) (1− z) + ℜ✷−ξ
4R
n(2) (1− z)2 + · · · , (B.11)
one can show that
ℜ✷−ξ 4R0(0) = 1 , (B.12)
ℜ✷−ξ 4R0(1) =
1
6
(1 + r2B) , (B.13)
ℜ✷−ξ 4R0(2) =
1
90
A2 +
1
72
(1 + r2B)2 +
1
36
(1 + r2B)(1− 4r2(∇φ)2)
+
r4
180
[
3
2
R(∇φ)2 + 6Tabφaφb + 2TabT ab + 12
(
1
r2
+B
)
(∇φ)2
+ 6
(
1
r2
+B
)
|a
φa
]
, (B.14)
ℜ✷−ξ 4R1(0) =
(
1
6
− ξ
)(
R + 4∆φ− 6(∇φ)2 + 2
r2
)
, (B.15)
ℜ✷−ξ 4R1(1) =
1
6
(
1
6
− ξ
) [
(1 + r2B) + r2∇φ · ∇
] (
R + 4∆φ− 6(∇φ)2 + 2
r2
)
+
r2
180
[
RT + 3R(∇φ)2 + 8TabT ab + 12Tabφaφb +
(
R + 4∆φ− 6(∇φ)2 + 2
r2
)
|a
φa
+ 3[∆− 2∇φ · ∇]
(
1
r2
+B
)
− 6
(
1
r2
+B
)
(∇φ)2
]
+
1
90r2
(
2A2 + A(1 + r2B)− 2(1 + r2B)2
)
, (B.16)
ℜ✷−ξ 4R2(0) =
1
2
(
1
6
− ξ
)2 (
R + 4∆φ− 6(∇φ)2 + 2
r2
)2
+
1
6
(
1
6
− ξ
)
[∆− 2∇φ · ∇]
(
R + 4∆φ− 6(∇φ)2 + 2
r2
)
+
1
180
[
[∆− 2∇φ · ∇]
(
R + 4∆φ− 6(∇φ)2 + 2
r2
)
+
1
2
R2 − 2RT + 4TabT ab + 4
r4
A2 − 2
r4
(1 + r2B)2
]
. (B.17)
It is easily verified that for flat spacetime each of the ℜ✷−ξ 4Rn(k) vanishes, except for ℜ✷−ξ
4R
0(0) .
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